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Abstract. This research provides a computer model that simulates the motion of spherical fluid 
particles or droplets immersed in a non-uniform unsteady stream caused by the relative motion of a 
solid body and a fluid. The solution is particularly useful to study and improve the spraying of liquid 
products through aerial application systems. 
The developed method brings together two different models. An aerodynamic model supplies the 
velocity field to a dynamic model that computes the forces exerted on the fluid particles. The 
aerodynamic drag and the weight of fluid particles are taken into account by this model. The drag is 
evaluated by means of an empiric method that considers the local Reynolds number. The numerical 
simulation of aerial applications systems is emphasized. Some results of this class of application are 
further presented and discussed. 
 
 



1 INTRODUCTION 
Several kinds of agricultural products, such as herbicides, pesticides and fungicides, have 

to be sprayed over plantations during different stages of their growth. The composition and 
application of these liquid solutions has to be carefully controlled in order to spray the product 
homogeneously over the field. Nowadays, modern spraying-devices provide great control on 
the mass flux and the size of droplets. However, the use of aerial application systems (see 
Figure 1) might cause an inhomogeneous dispersion of droplets over the field if they are not 
properly adapted for a specific purpose. Among the main variables to deal with are the size 
and initial velocity of droplets, the airspeed and altitude of the aircraft, the external shape of 
the aircraft, the position of the spraying-devices, the composition of the product of application 
and the atmospheric conditions. 

The aim of this research is to provide an enhanced version of the computer model 
presented on reference Hazebrouck et al. (2010b). This new model will be capable of 
managing all variables before mentioned in order to predict both, the motion of droplets in the 
air and the position at which they reach the ground. The introduction of a model of droplets 
will be considered at first, followed by the development of a method to calculate the exerted 
forces. Later on, the equation of motion of droplets will be developed and coupled to an 
aerodynamic model. Finally, several examples picturing results will be presented and some 
possible solutions to typical problems will be discussed. 

Although in this research the aerial application of droplets will be emphasized, the developed 
method can be easily generalized to study the motion of any kind of spherical particles located 
inside an unsteady and nonuniform fluid stream caused by the motion of a solid body. 

 
Figure 1: Mist of droplets emitted from an airplane. 

1.1 Characteristic of the droplets 
Droplets emitted from aerial application systems are formed after a complex physical 

process that depends on a variety of variables. As it can be seen in Figure 2a, “primary droplets” 
released from sprayers into the airstream deform due to the aerodynamic pressure around 
them. Depending on how high the aerodynamic pressure and the surface tension are, this 
deformation might cause droplets to become membranes. When this phenomenon occurs, the 
splitting of droplets is imminent, and as result many smaller “secondary droplets” will come 
to replace primary droplets. This process is known as “shattering of droplets”. 

For the aerial application purpose the most important characteristic of droplets is their size. 
Controlling this parameter is not an easy task because it depends on a large quantity of variables; 



nevertheless it has been the subject of many researches, as for example those done by Clayton 
and by Hewitt (1998). Since tiny droplets are much more stable than big ones, only an 
important increase on the airspeed might cause secondary droplets to shatter for a second 
time, and therefore their size and shape remain virtually invariable after they are formed. 

Briefly, the main variables that affect the size of secondary droplets are the airspeed, the 
size of primary droplets and the composition of the product. For standard application purpose 
the size of secondary droplets is normally set between 200μm and 600μm diameter. Although 
not all droplets will be of the same size, it is always desired to obtain a narrow spectrum, as it 
can be seen in Figure 2b. 

             
Figure 2: a) “Primary droplets” released into the airflow split into smaller “secondary droplets”. 

b) Spectrum of spray droplets. 

1.2 Mechanical model of the droplets 
Based on the hypothesis that secondary droplets are rapidly established and stable, they 

will be modeled as uniform rigid spheres for any aerodynamic requirements. No physical or 
thermodynamic process involving the change of size, shape or composition of droplets during 
their fall will be considered. In addition to that, rotational motion will be completely ignored. 
Thus, droplets will be modeled as point particles with finite mass no moments of inertia.  

2 DYNAMICS OF THE DROPLETS 

Two forces are exerted on droplets during their fall through the air. The first one is due the 
gravity field and the second one is purely aerodynamic. The gravity force (weight) can be 
completely evaluated through the mass of the particle. The drag force, on the other hand, 
requires the introduction of an aerodynamic model to be evaluated. 

In this research particles will be considered as moving inside a locally uniform airstream, 
and therefore the local velocity of the air will suffice to determine the direction of the drag 
force. Additionally, since the motion of particles relative to the air will not modify the 
velocity field, no aerodynamic interaction between particles will be taken into account. 
Although these restrictions might seem severe, they provide a simplified version of a problem 
that would be tremendously complex to solve under more realistic circumstances.  

2.1 Drag force exerted on a spherical body inside a uniform airstream 
Evaluating the drag force exerted on spherical bodies moving inside a uniform airstream 

has been subject of innumerable investigations and experiments in the past, and for that 
reason a great amount of empiric information is available about the topic. 

a)                                                                            b)



As with any other aerodynamic force, the drag force is traditionally written in terms of the 
free stream dynamic pressure q, the characteristic surface S, and an aerodynamic coefficient CD: 

 D= q S CD  (1) 

The free stream dynamic pressure is a function of the free stream density ρ and the free 
stream velocity CVP : 

  
2C1q = 2 ρ VP  (2) 

The vertical bars
 
represent the Euclidean norm, the right superscript C makes reference to 

the airstream and the left superscript P indicates that the velocity is being evaluated with 
respect to a reference frame attached to the particle. 

As it can be seen in Figure 3, the direction of the drag force is always coincident with that 
of the free stream velocity, and therefore we can write:
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Figure 3: Drag acting on a particle immersed in a uniform airstream. 

The drag coefficient is a function of the free stream Reynolds number Re: 

 CDRe = ρ
μ VP  (4) 

where D is the diameter of the sphere and μ the free stream viscosity. This relationship has 
been plotted by Zahm (see Zahm, 1926) according to experimental results, as it can be seen in 
Figure 4. 

There is not a unique mathematical expression of the function CD (Re) covering the whole 
domain and that is due to the existence of several complex aerodynamic phenomena such as 
boundary layer separation and compressibility effects. For a low Reynolds number (less than 
0.2) the Stokes theory provides a great approximation to the drag coefficient: 

 D
24C = Re

 (5) 

For Reynolds numbers greater than 0.2 and up to 200,000, the interpolating function 
devised by Zahm (see Zahm, 1926) lies fairly close to the experimental data: 

 D 0.85
28C = +0.48

Re
 (6) 

Droplets emitted from standard aerial application systems will hardly reach a maximum 
Reynolds number of 3500, and therefore equations (5) and (6) suffices. In fact, for a speed of 
150 kts, sea level conditions and a particle of 600μm diameter, one finds a Reynolds number of: 

 Re = 3163  (7) 

Uniform  
airsteam 



 

Figure 4: Drag coefficient for a sphere versus Reynolds number (see Zahm, 1926). 

2.2 Kinematics of fluid particles moving inside a non-uniform airstream 
Figure 5 depicts the free-body diagram of a spherical particle moving inside an airstream 

with three degrees of freedom and subject to aerodynamic and gravitational forces. Note that 
two different reference frames, P and R , as well as a set of orthogonal unit vectors have been 
introduced to develop the kinematics of the model. Reference frame P is attached to the 
particle, while reference frame R is considered as an inertial reference. Point P is fixed to the 
center of the sphere, and point O is fixed to R . Unit vector ĉ  is vertical. 

The airstream velocity with respect to the particle, CVP , can be written in terms of the 
airstream velocity with respect to the inertial reference frame, CVR , and the “absolute” 
velocity of the particle, P/OVR : 

 C C P/O= −V V VP R R  (8) 

The velocity an acceleration of the particle with respect to the inertial reference frame will 
be equal to the first and second time derivatives of the position vector P/OP , respectively; i.e.: 

 P/O P/O=V P�R R  (9) 

 P/O P/O=a P��R R  (10) 
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Figure 5: Free-body diagram of a particle moving inside an airstream. 

2.3 Dynamics of spherical particles moving inside a non-uniform airstream 
According to Equations 3 and 8, the drag force exerted on the particle will be equal to: 

 ( )C P/O C P/O
D

1= SC2 ρ − −D V V V VR R R R  (11) 

It might be noted that, according to our model, all free stream parameters are evaluated in 
the position in which the particle is located. This indicates that the airstream is being 
considered as locally uniform, even though it is macroscopically nonuniform. This 
assumption can be accepted because each particle occupies only a tiny region inside the 
airstream, wherein the velocity gradient does not cause an important change of velocity. 

Since the velocity field CVR varies in space and time and the drag coefficient depends on 
the relative velocity CVP  trough the Reynolds number, the drag force is in general a function 
of the position of the particle, the absolute velocity of the particle and the time t, i.e.: 

 ( ), ,P/O P/O= tD D P VR  (12) 

The total external force applied on the particle will be equal to: 

 = m +F g D  (13) 

where g represents the gravitational acceleration, which is equal to -gĉ, and m the mass of the 
particle. 

According to the law of motion and Equation 13, the acceleration of the particle subject to 
force F with respect to the inertial reference frame will be equal to: 

 P/O 1= + ma g DR  (14) 

2.4 Velocity field of the airstream CVR
 

Up to now, the dynamics of particles has been analyzed without concern of the velocity 
field. Evaluating the velocity field is not a minor problem. In fact, this is the when an 
aerodynamic model has to be developed and coupled to the current model of particles.  



Since the development of an aerodynamic model to study aerial application systems has 
already been subject of a previous publication, we ask the reader to direct the attention to 
Chapter 2 of reference Hazebrouck et al. (2010b). 

Based on the referred model, the velocity field at position P/OP  and time t will be obtained 
after summing the velocities associated to each vortex ring: 
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where vector C∞VR  represents the free stream velocity, NFR the number of free rings and NBR 
the number of bounded rings. All other vectors and subscripts of Equation 15 are represented 
in Figure 6.  
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Figure 6: Vectors and subscripts used in Equation 15. a) Finite straight line vortex. b) Vortex rings. 

3 NUMERICAL INTEGRATION OF THE EQUATION OF MOTION 
Equations 10 and 14 form together a set of three scalar second order ordinary differential 

equations that describe the motion of each particle inside the airstream: 

 P/O 1= + mP g D��R  (16) 

Because of the aerodynamic model that has been implemented, these equations have to be 
numerically integrated. References Carnahan et al. (1969) and Preidikman (1998) provide the 
numerical method used in this research. 

Independently of which numerical method has been chosen, there are two different 
schemes to solve Equations 16. If particles are emitted in the unsteady state, they should be 
integrated in simultaneous with the wake convection. If, on the other hand, particles are 
emitted in the steady state, they can be separately integrated after the wake is totally 
convected. Both schemes can be implemented in a very similar way; however, the effort 
required by the CPU differs in each case.  

Provided that the number of numerical operations required to integrate Equations 16 is 
proportional to the number of vortex rings, the time required to complete each time-step 
increases while the wake is being convected. Due to the fact that particles emitted from aerial 



application systems will hardly reach the ground before the aircraft is at least 60 meters away, 
a long wake is normally required to evaluate the velocity. This is the reason why this kind of 
simulations might take several hours to complete when running in a standard CPU. 

3.1 The initial conditions 
Several spraying-devices can be simulated just by changing the initial velocity of particles. 

Figure 7 depicts two examples that clearly show this idea. In the first one, starting points are 
located around circles and particles are only emitted in radial directions. This case represents 
very well the effect of wind turbines with profiled air deflectors. In the second example, a 
group of particles are emitted from a same starting point and the initial velocity has both, 
radial an axial components. This case very well represents the effect of conical nozzles. 

       

       

                                            
 

Figure 7: Several spraying-devices can be simulated by changing the initial velocity given to the particles.          
a) Simulation of wind turbines. b) Simulation of conical nozzles. 

4 RESULTS 
In this section five different examples will be presented. Figures 7 to 10 show the results 

for the first two of them. In both cases the aircraft is flying at the same condition and droplets 
come out from the spraying-devices at the same initial speed and position (note that all 
common data is outlined on Table 1). The only difference between the two cases is the size of 
droplets (particular data is outlined on Table 2). Comparing Figures 8 and 11 it can be seen 
that small droplets remain longer in the air than big ones, and that they are easily dragged by 
the wingtip vortices. 

Result of Example 1 presented in Figure 8 pictures the typical problem associated to aerial 
application systems. If the external spraying-devices are located too close to the wingtips, 

a)                                                                    b)



droplets coming out from them will spin around the wingtip vortices before reaching the 
ground. This phenomenon causes droplets to stay longer in the air. It can be seen that the 
upwards velocity of the airstream in these regions makes some particles gain altitude instead 
of falling to the ground. The longer the droplets hover in the air, the less chances they reach 
the ground in the desired region with the desired composition.  

A possible solution to this problem has been considered in the third example. Note from 
Figure 13 that all spraying-devices have been moved closer to the fuselage, and that another 
pair of sprayers has been added. 

Flight conditions  
Aircraft AT-502 (wing only) Aspect ratio Æ = 8.486 

Wingspan 15.52m (42 panels) 

MAC 1.829m (6 panels) 

Altitude 3m 

True airspeed 58.33m/s ≈ 113kts 

Wight Critical condition : 95% of MPL + full fuelled 

Wake convection & Simulation parameters 

Wake life-period 250 time-steps → 1.31s → 76m 

Total simulation time 270 time-steps → 1.41s 

Time-step 0.005225s 

Cut-off 1 x10-5 

Ground 
Dimensions 100m x 25m (flat surface) 
Panels 35 x 12 

Atmospheric conditions 

Density 1.225 kg/m³ (sea level) 

Viscosity 1.789 x10-5 kg/ms (sea level) 

Table 1: Common data used to simulate examples 1, 2 and 3. 

Droplets & Spraying Example 1 Example 2 Example 3 

Droplets diameter 200μm (homogeneous) 500μm (homogeneous) 200μm (homogeneous) 

Product density 1000kg/m³ 1000kg/m³ 1000kg/m³ 

Initial speed 27m/s (radial only) 27m/s (radial only) 25m/s (radial only) 

Nº of spraying-devices 12 12 14 

Nº of droplets/device 16 16 16 

Time-step 0.001750s 0.001750s 0.001750s 

Simulation time 765 time-steps 765 time-steps 765 time-steps 

Table 2: Particular data used to simulate examples 1, 2 and 3. 



4.1 Example 1: Spraying of 200μm diameter droplets 

 

Figure 8: Simulation of 200μm diameter droplets emitted from an aircraft equipped with 
wind turbines (steady state). 

 

Figure 9: Droplets are dragged by the wingtip vortices (front view of Figure 7). 

 ← Y 



4.2 Example 2: Spraying of 500μm diameter droplets 

 

Figure 10: Simulation of 500μm diameter droplet emitted from an aircraft equipped with 
conical nozzles (steady state). Blue particles are already landed. 

 

Figure 11: Droplets are dragged by the wingtip vortices (front view of Figure 10). 

 ← Y 



4.3 Example 3: Spraying of 200μm diameter droplets (enhanced solution) 

 

Figure 12: Possible solution to problem detected in Example 1. 

 

Figure 13: Possible solution to problem detected in Example 1. 

 ← Y



4.4 Example 4: Influence of the fuselage on the motion of droplets 
As it can be seen in Figure 14, the addition of the fuselage causes particles to leave the 

aircraft in a considerably different way. Because of the gradual narrowing of the tail, the 
airstream changes its direction in that region and thus particles are forced to move closer to 
the plane of symmetry. Since droplets are now covering the central region, there is no need to 
locate an extra spraying-device under the fuselage. Moreover, if the spraying-devices are 
located to close to the plane of symmetry, droplets may even cross over it, as depicted in 
Figure 14.  

 

Figure 14: Effect of fuselage on the motion of droplets. 

4.5 Brief discussion about the consequences of using different wing-fuselage configurations 
The position of the wing with respect to the fuselage plays an important role in 

determining the efficiency of aerial application systems. Although it is known that low-wing 
airplanes behave more efficiently than high-wing airplanes when flying at low altitude (see 
Hazebrouck et al. 2010b), high-wing airplanes might be capable of providing a more 
homogeneous dispersion of droplets on the ground. In fact, as this kind of configuration 
allows the spraying-devices to be located further from the wing, droplets are not strongly 
dragged by the wingtip vortices. This can be seen in Figure 15. 



  

 

Figure 15: Simulation of aerial application using a typical high-wing airplane. 

5 CONSLUSIONS 
In this research an original numerical procedure capable of simulating the motion of 

droplets in the air has been successfully developed and tested. The method has been based on 
an innovative fusion of two different models: one to reproduce the mechanics of droplets and 
another one to simulate the airflow. The mechanical model of droplets has been based on an 
empiric method that allows an easy and precise calculation of the exerted drag force. The 
unsteady velocity field cause by the motion of a solid body is supplied by an aerodynamic 
model, which is based on the hypothesis of high Reynolds number and low Mach number. 

In association with the numerical methods developed in references Hazebrouck et al. 
(2010a, b), the new mechanical model of droplets allows the manipulation of the most 
significant variables that control the efficiency of aerial application systems. Through several 
examples, the numerical tool has demonstrated to be capable of predicting the distribution of 
droplets over the ground and the interference caused by each of the components of the aerial 
system. 
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